The performance of wireless multiple-input-multiple-output (MIMO) communication channels is primarily determined by the diversity gain and the multiplexing gain that can be exploited from the channel. The diversity-multiplexing tradeoff of MIMO systems has become a topic of fundamental research in wireless communications. Recent related research has concentrated on the static behavior of this fundamental tradeoff, including accurate quantification of the tradeoff achievable for limited or unlimited power of information transmission, and for different situations of fading channels. However, the dynamic behavior of this fundamental tradeoff due to receiver mobility was not investigated previously. The objective of this study is to formulate a mathematical model to explore dynamic characteristics of this fundamental tradeoff in MIMO systems. We develop a dynamic information model to describe and analyze dynamics of the diversity-multiplexing tradeoff by using differential geometry. A mathematical object called the diversity-multiplexing tradeoff manifold is proposed. It offers a generalization and geometrizes the notion of the tradeoff, which allows us to explore more about intrinsic geometric nature of the fundamental tradeoff. Through the proposed manifold, dynamic mechanical quantities of the tradeoff considering the receiver mobility are formulated, and an application of the proposed model to Rayleigh fading MIMO channels is demonstrated.
I. INTRODUCTION
High information transmission rates and high information transmission reliability are two important goals and physical performance metrics in wireless communications; many applications in information technology industry are widely developed based on these two bases. Wireless mobile communications are particularly expected to achieve these two goals simultaneously; however, achieving very fast and very reliable information transmission at the same time is a trade-off challenge. In terms of this challenge, multiple-antenna systems, or the multiple-input-multipleoutput (MIMO) systems [1] , offer a key advantage by creating spatial multiplexing gains and spatial diversity gains which The associate editor coordinating the review of this manuscript and approving it for publication was Fang Yang . are able to coexist in the same wireless channel. The multiplexing gain [2] , [3] offered by the MIMO communication channel can enhance the transmission rate, whereas the diversity gain [4] exploited from the MIMO communication channel provides the link reliability in the wireless information transmission. Information scientists have used the achievable multiplexing gain and the achievable diversity gain as two quantified metrics to evaluate the performance of MIMO communication channels. According to Zheng and Tse [1] , a fundamental principle called the diversity-multiplexing tradeoff inherently regulates the optimal tradeoff among these two types of gains. In some sense, the problem of designing a MIMO system is essentially based on this tradeoff. This principle has two levels of importance:
1) It first quantifies the tradeoff relationship into a basic formula which makes these two types of gains mutually influencing and quantitatively measurable for future applications in MIMO systems. 2) It tells how much these two types of gains can be simultaneously and optimally achieved or exploited in a wireless MIMO channel. For example, one promising application is that this fundamental principle was used to compare the robustness of MIMO systems and to be a criterion for designing various space-time coding schemes [1] , [5] - [7] .
The pioneering research on the fundamental tradeoff principle established by Zheng and Tse [1] was for the infinite signal-to-noise ratio (SNR), or the power-unlimited, situation and the independent identically distributed (i.i.d.) Rayleigh fading channel. They established the foundation of the achievable tradeoff between the diversity gain and the multiplexing gain. Other succeeding research also considered the infinite SNR situation but for different types of fading channels [1] , [8] - [16] . For example, topics relating to the antenna array gain [16] , Rician channels [12] , [13] , double scattering Rayleigh channels [15] , Nakagami channels [12] , and Weibull channels [12] were studied. However, because the transmitting power of MIMO systems in real life is not unlimited, the SNR value at the receiver shall be finite, which eventually influences information transmission rates in communications. Therefore, recent research has concentrated on studying the diversity-multiplexing tradeoff in the finite SNR situation [7] , [13] , [17] - [28] . For example, approximated upper bounds for this fundamental tradeoff in correlated Rayleigh channels were studied to observe the trend of achievable tradeoff values in a MIMO system [7] , [17] - [19] . Later, a more accurate expression for the fundamental tradeoff in correlated Rayleigh channels was proposed [26] . Other scenarios such as Rician channels [7] , [13] , parallel channels [22] , the size-asymptotic situation [20] , [21] , [25] , dual-antenna (at the transmitter or at the receiver) channels [23] , [24] , the impact of mutual coupling between antennas [27] , and the impact of receiver position errors on the fundamental tradeoff were also investigated [28] .
To date, these existing works on the diversity-multiplexing tradeoff of MIMO communication channels in both infinite and finite SNR situations were devoted to finding exact formulas or more accurate approximations to depict the achievable tradeoff values. These research mostly concentrated on the static behavior of the tradeoff in a MIMO channel, i.e., accurately quantifying the achievable tradeoff for a specific wireless MIMO fading channel, allowing engineers to compute the maximum diversity gain achievable in the MIMO channel if the multiplexing gain and SNR values are specified. In fact, the SNR values at the receiver are not always constant when the receiver has mobility during communications. We consider that the SNR values at the receiver may dynamically change with locations (or time) of the receiver due to the large-scale path loss fading effect [29] . Consequently, the achievable tradeoff value in the MIMO system is influenced and also dynamically changes with locations (or time) of the receiver. Additionally, the system may adaptively adjust the multiplexing gain used in communications, therefore causing changes to the instantaneous achievable diversity gain. However, research on the dynamic behavior of this fundamental tradeoff, such as the variation of the tradeoff due to the mobility of the receiver, has not been explored in the literature.
In this paper, we focus on exploring the dynamic behavior of the diversity-multiplexing tradeoff in the presence of receiver mobility.
1) We propose a dynamic information model based on the idea of manifolds in differential geometry [30] , [31] to describe dynamics of the finite SNR diversity-multiplexing tradeoff. The proposed model through manifolds has some advantages: a) It geometrizes the original concept of the tradeoff into a geometric object, called the diversity-multiplexing tradeoff manifold, allowing us to explore the intrinsic geometric nature of the tradeoff in wireless MIMO communication channels. b) It offers a more general approach to treat the conventional idea of the tradeoff. This is because our model establishes a general mapping from two arbitrary parameters of an Euclidean plane (e.g., position coordinates of a mobile receiver) to the achievable tradeoff between two types of gains in the MIMO system. 2) Based on the proposed model, we formulate basic physical quantities for dynamics of the fundamental tradeoff corresponding to the receiver mobility, including velocity, geodesic curvature at a tradeoff point, geodesics between two tradeoff points, and parallel transport of velocity fields on the diversity-multiplexing tradeoff manifold. Meanwhile, additional mechanical insights for this tradeoff are interpreted. 3) We apply the proposed model to analyze the dynamic tradeoff causing by the motion of receivers in the Rayleigh fading channel. Also, numerical illustrations are demonstrated. This paper is organized as follows: Section II presents the system model and preliminaries. Section III develops a dynamic information model based a proposed diversity-multiplexing tradeoff manifold. This model formulates the dynamic fundamental tradeoff corresponding to the receiver mobility. Section IV discusses geodesics and geodesic curvature for the tradeoff points moving along the curves embedded in the manifold. The variation of curves for the tradeoff is also presented. Section V introduces the parallel transport of velocity fields along the tradeoff curves. Section VI demonstrates an application of the proposed model and numerical results. Section VII concludes this paper.
II. SYSTEM MODEL AND PRELIMINARIES A. SYSTEM MODEL
Consider a point-to-point wireless (N R ,N T )-MIMO system with N T antennas at the transmitter and N R antennas at the receiver. The channel of the MIMO system is described by an N R × N T channel matrix H, where the (n r , n t )th entry of H, denoted by h n r ,n t , is the path gain from the n t th transmitter antenna to the n r th receiver antenna. A quasi-static frequencyflat spatially correlated fading channel is assumed, where the channel remains constant over one space-time coding block with coherence length l s and changes independently across blocks [7] , [18] . Additionally, the instantaneous values of path gains are assumed to be known for the receiver but unknown for the transmitter [1] , [7] . When the MIMO channel is spatially correlated, the channel is expressed as [16] , [32] :
where H iid denotes the channel matrix of an i.i.d. Rayleigh fading channel. R T ∈ C N T ×N T and R R ∈ C N R ×N R respectively represent the spatial correlation matrices of the transmitter and the receiver to characterize the spatial correlation effect among antennas. The input-output linear model of the (N R ,N T )-MIMO system is expressed as
where Y ∈ C N R ×l s denotes the received signal; C a×b is a complex field with dimensions a × b. S ∈ C N T ×l s denotes the transmitted signal, and N ∈ C N R ×l s is the additive white Gaussian noise (AWGN), whose entries have i.i.d. complex Gaussian distribution with zero mean and unit variance. The total power constraint at the transmitter is P T , i.e., (1/l s )E{ S 2 F } ≤ P T , and the average SNR at each receiver antenna is denoted as ρ, where E{S} is the statistical expected value of S, and S F represents the Frobenius norm of S.
B. POSITIONS AND MOBILITY OF THE RECEIVER
Suppose that the positional Cartesian coordinates of the receiver are (u 1 , u 2 ) on a two-dimensional Euclidean plane. The position vector for the receiver is θ = (u 1 , u 2 ) T , where the superscript ''T'' denotes the matrix transpose. When the mobile receiver moves with time t, its local coordinates are expressed as functions of t,
for α = 1, 2. Then the velocity of the receiver is given by
and the acceleration of the receiver is given by
C. LARGE-SCALE PATH LOSS FADING EFFECT
Besides the small-scale fading effect of the channel in (1), the large-scale path loss effect also influences the SNR value at the receiver when the receiver is at different locations during communications. Assume that the noise power in (2) is normalized to one. Then the SNR value of the receiver incurred by the path loss effect is expressed as [29, (2.44) ]:
where D(θ, 0) denotes the Euclidean distance in meters between θ and the origin of the Cartesian coordinate 0; µ(d 0 ) represents the received signal power in dB at a known reference distance d 0 , and p 0 is the path loss exponent. Notice that the SNR in (6) is dependent of positions of the receiver.
D. FUNDAMENTAL DIVERSITY-MULTIPLEXING TRADEOFF
The principle of the diversity-multiplexing tradeoff for the infinite SNR situation was defined by Zheng and Tse [1] . Definition 1 (Infinite SNR situation [1] ): Given a transmission rate, or a code rate, R(ρ) and an average error probability P e (ρ) of information transmission in a MIMO system. When the SNR approaches infinity, the multiplexing gain is defined as
and the diversity gain is defined as
where γ = 0, 1, · · · , min{N T , N R }.
The principle of the diversity-multiplexing tradeoff for the finite SNR situation was introduced by Narasimhan [7] .
Definition 2 (Finite SNR situation [7] ): Suppose that the transmission rate of a MIMO system is R(ρ) and the SNR at the receiver is ρ. The multiplexing gain is defined as
where g is the array gain and is ideally supposed
Rayleigh fading channel [7] . The diversity gain is defined as
where the outage probability of information transmission (with equal power allocation at the transmitter [7] ) is given by
Pr (E) represents the probability that the event E occurs; det(A) denotes the determinant of A; I N R is an identity matrix with size N R × N R ; H † denotes the conjugate transpose of H. The multiplexing gain γ in P out (γ , ρ) implicitly appears in R(ρ) = γ ln(1 + gρ) of (8) . Notice that the analytical expression for the outage probability of (10) can refer to [23] , [26] . Also notice that the transmission rate R(ρ) increases with the SNR.
III. DYNAMIC INFORMATION MODEL
Considering the receiver mobility that the position may change with time, the corresponding achievable diversity gain shall also dynamically change. In the situation of unlimited transmitting power, the diversity-multiplexing tradeoff in (7) is independent of SNR and turns out to be a piecewise linear curve with respect to different values of antenna numbers [1, Thm. 2 & Thm. 4] . In contrast, due to the effects of limited transmitting power in real life and spatial correlation in wireless fading channels, the fundamental tradeoff relationship in (9) shall be a smooth curve, yielding that each SNR point corresponding to a point on the diversity-multiplexing tradeoff curve has meaning [7] , [26] . According to the definitions of (8) and (9) , both the multiplexing gain and the diversity gain are dependent of SNR. Additionally, according to (6) , the SNR value of the mobile receiver changes with its location (u 1 , u 2 ). As a result, we consider that the diversity-multiplexing tradeoff is dependent of the location of the receiver and can be parameterized by u 1 and u 2 .
These above considerations inspire us to propose a dynamic information model to characterize the dynamic behavior of the achievable tradeoff dominating the transmission rate and reliability. The proposed model is constructed by developing a manifold of the diversity-multiplexing tradeoff as an extended notion of the tradeoff. Then we define a metric on this manifold to introduce velocity vectors, arc length, and moving areas of the dynamic tradeoff.
A. DIVERSITY-MULTIPLEXING TRADEOFF MANIFOLDS
To formulate dynamics of the tradeoff, we introduce the idea of smooth manifolds for the mapping from receiver positions to the fundamental tradeoff in the MIMO system.
Definition 3 (Diversity-Multiplexing Tradeoff Manifolds):
For a (N R , N T )-MIMO system, we suppose that the SNR value at the receiver is ρ = ρ(u 1 , u 2 ), and the multiplexing gain of the system is γ = γ (u 1 , u 2 ). If the outage probability of transmission rates is P out (γ , ρ) = P out (u 1 , u 2 ), the diversity gain of the system constrained by the multiplexing gain is expressed as d = d(u 1 , u 2 ) determined by (9) . The diversity-multiplexing tradeoff manifold of the (N R , N T )-MIMO system is defined as
where r is a mapping of an open set D in R 2 onto the open set M in R 3 :
The mapping r is a vector-valued function; its parametric representation is given by
where the components of r are parametric equations of u α for α = 1, 2. Equivalently, the element mapping is given by Fig. 1 shows an illustration of the mapping and the manifold for the diversity-multiplexing tradeoff (DMT) of MIMO communication channels. The pair (u 1 , u 2 ) is called the local coordinate of the manifold. We provide a formal definition of a manifold in Proposition 1 of Appendix A. By the manifold theory, the mapping r in (12) is a coordinate mapping or a parametrization in a neighborhood U of a point p on M (U ∩ M), where the neighborhood U is a coordinate neighborhood. We call the pair (U, r) a chart. A collection of charts can form an atlas on the diversity-multiplexing tradeoff manifold. For any tradeoff point p ∈ U ∩ M, the local coordinate of r can be represented by
where r −1 denotes the inverse mapping of r. VOLUME 7, 2019 
B. TANGENT VECTOR AND TANGENT SPACE
With the proposed diversity-multiplexing tradeoff manifold in (11) , we next formulate the changing rate of the achievable diversity gain in the MIMO system. Let the derivatives of r with respect to u 1 and u 2 be
for α = 1, 2. The two derivatives r u 1 and r u 2 represent tangent vectors respectively along u 1 and u 2 directions at a certain point on the manifold of the diversity-multiplexing tradeoff. Thus, the corresponding unit normal vector of the tangent plane at p on the manifold is given by
where ''⊗'' denotes a cross product of vectors. To ensure the mapping in (14) is one-to-one, we assume that the proposed manifold satisfies the regularity property (see Definition 4 in Appendix A). Because the tangent vectors r u 1 and r u 2 of the regular manifold for the diversity-multiplexing tradeoff are linear independent, {r u 1 , r u 2 } forms a basis to span a two-dimensional inner product space at p ∈ M. This inner product space is a tangent space at p on M, denoted by T p M as illustrated in Fig. 1 . The basis {r u 1 , r u 2 } of T p M also changes with different tradeoff points on the proposed manifold M. We call r(u 1 , u 2 ); r u 1 , r u 2 , n p a moving frame at p.
C. METRIC ON THE PROPOSED MANIFOLD
We further introduce the idea of metric on the diversitymultiplexing tradeoff manifold. By the Einsteinian summation convention 1 (Einstein's notation) [30] , [33] , the total differential of the mapping r for the fundamental tradeoff is given by
Using the tangent vector defined in (16) and the tangent space T p M established on the proposed diversity-multiplexing tradeoff manifold, the inner product between tangent vectors can be defined in the inner product space T p M. As a result, the length of a tangent vector and the angles between tangent vectors on the proposed manifold can be calculated. Using (18) , the inner product between two arbitrary tangent vectors dr = r u α du α and δr = r u β δu β on the diversity-multiplexing tradeoff manifold is given by
where the symbol ''·'' represents inner product, and g αβ denotes the metric on this manifold given by
and the dummy indices α = 1, 2 and β = 1, 2 are used for the Einsteinian summation convention [33, (2.1)]. For later derivations, the manifold metric matrix is defined as
Meanwhile, the squared norm of a vector tangent to the proposed manifold is given by
Here ds 2 denotes the first fundamental form of a manifold, and g αβ is the metric coefficient from the viewpoint of differential geometry [30] , [31] . The angle between tangent vectors dr and δr on the proposed manifold is determined by (dr, δr) = arccos (dr · δr/|dr||δr|). From (21), we obtain the norm of a tangent vector on the proposed manifold given by
As a result, when the receiver moves in MIMO communications, the speed of a point on the diversity-multiplexing tradeoff manifold is measured by (22) , which depicts the changing rate of the achievable value for the fundamental tradeoff between the diversity gain and the multiplexing gain. Correspondingly, the direction of the velocity for the tradeoff point on the manifold is determined by the vector dr in (18) .
D. MOVEMENT OF TRADEOFF POINTS WITH TIME
We further incorporate the factor of time into the model. When a receiver moves with time t as shown in Fig. 2 , the tangent vector on M at t is given by
which is a linear combination of r u 1 and r u 2 with coefficients v 1 (t) and v 2 (t), respectively. For example, we consider the case of a constant speed system for a receiver changing its position with time on a plane. Suppose that the local coordinates of the receiver are expressed as u 1 
where (u 1 0 , u 2 0 ) represents the initial local coordinate of the receiver; v 1 and v 2 are components of constant speed of the moving receiver in the MIMO system. Due to the receiver mobility, the achievable diversity-multiplexing tradeoff varies correspondingly on the diversity-multiplexing tradeoff manifold. From (23), the instantaneous velocity of the tradeoff point moving on this manifold at the time instant t 0 is represented and Q 2 u 1 (t n ), u 2 (t n ) represent the initial and the final positions of the moving receiver.
Remark 1: With the metric on the proposed manifold, the path length and the moving area of a dynamic tradeoff point on the manifold are also formulated in Appendix B.
IV. SPACE CURVES OF DIVERSITY-MULTIPLEXING TRADEOFF
To further explore the ''changing trend'' of the achievable tradeoff between the diversity gain and the multiplexing gain, our approach of characterizing the change of the tradeoff considers a space curve C embedded in the surface of the proposed manifold M and analyze its curvature. 2 The curve C is a diversity-multiplexing tradeoff curve mapped from a mobile locus of the receiver moving with the local coordinate denoted by (3) on a two-dimensional Euclidean plane. Each point on the curve C represents an achievable diversity-multiplexing tradeoff point corresponding to different values of the SNR and the multiplexing gain. Fig. 2 shows an illustration for the formation of a fundamental tradeoff curve. The parametric equation of C by the time variable t is expressed as
In contrast to the original research of the fundamental tradeoff [1] , [7] , the changing trend of the tradeoff due to the receiver mobility was not emphasized. Defining the space curve for the fundamental tradeoff points, seen as a continuous object, allows us easier to analyze the continuous dynamics of the varying tradeoff when the SNR value and the multiplexing gain both vary in a MIMO system.
A. GEODESICS AND GEODESIC CURVATURE
A special type of curves on the proposed manifold is the geodesic which depicts the steady changing trend of the fundamental tradeoff. The idea of geodesics on a manifold is the generalization of straight lines on a plane. A curve with the shortest path between two points on an Euclidean plane is a straight line while a curve with the shortest path on the manifold is a geodesic. When a tradeoff point moves along with the geodesic, the path is perceived to be straight on the manifold and consequently, the geodesic curvature along this path is zero everywhere.
We quantitatively analyze the geodesic curvature of a diversity-multiplexing tradeoff curve C embedded in the proposed manifold to characterize how ''curved'' the locus is when a tradeoff point changes along C. Based on (24), the geodesic curvature of C is defined as
Theorem 1 (Geodesic Curvature of Tradeoff Curves): When the receiver moves with time t in the MIMO system, the geodesic curvature of a diversity-multiplexing tradeoff point on C is determined by
where γ αβ =
is the Christoffel symbol of the second kind [30] ; the term g γ ξ satisfies the following relationship:
The dummy indices α, β, γ , ξ ∈ {1, 2} follow the Einsteinian summation convention.
Proof: See Appendix C. The equation (26) explicitly indicates that both the velocity v α (t) and the acceleration a α (t) of the receiver directly VOLUME 7, 2019 influence the geodesic curvature of the fundamental tradeoff curves. The geodesic curvature at a tradeoff point quantitatively characterizes the instantaneous ''changing tendency'' of the achievable diversity-multiplexing (reliabilityrate) tradeoff value in a mobile MIMO system. Furthermore, given a certain type of MIMO fading channels, geodesics of the diversity-multiplexing tradeoff on the proposed manifold satisfy an equation in the following theorem.
Theorem 2 (Geodesic Equation of the Tradeoff Curves): The geodesic equation for the diversity-multiplexing tradeoff curves embedded in the proposed manifold has the following form:
where the Christoffel symbol γ αβ is given in (27) . Proof: A geodesic by definition satisfies that its geodesic curvature is zero. Using the result of (50), the value of κ g (t) is zero for any geodesic. The coefficients in (50) for γ = 1, 2 must be zero such that (28) holds.
Equation (28) is a system of two second-order non-linear ordinary differential equations (γ = 1, 2). Given an initial local coordinate of the receiver, solutions of (28) provide the deterministic position information for the receiver such that the corresponding tradeoff values vary along geodesics on the proposed manifold.
B. MECHANICAL PERSPECTIVES
We observe that two situations can lead a diversitymultiplexing tradeoff curve C to be a geodesic on the proposed manifold. Based on (25), the first one happens when dr 2 (t)/dt 2 = 0, and the second one occurs when dr 2 (t)/dt 2 is always perpendicular to the tangent plane along the path of C.
The second situation has a mechanical interpretation as one can treat a tradeoff point as a dynamic particle on the manifold 3 M. When the tradeoff particle moves along a geodesic, it can feel the only force perpendicularly imposing on the manifold in order to hold the particle on the surface of the manifold. According to the Newton's second law of motion, the only acceleration dr 2 (t)/dt 2 by the force on this particle is perpendicular to the surface of the proposed manifold. Therefore, the tradeoff particle itself moving along geodesics cannot feel any acceleration. In other words, it moves at a constant speed and as if moves along a ''straight'' path on the proposed manifold. Since the tradeoff particle on the geodesic has a constant speed, in this situation, the change rate of the achievable tradeoff value along the geodesic path does not change with time, which also means that the achievable tradeoff value uniformly increases or decreases, and importantly is predictable if certain initial conditions are given.
On the other hand, if the movement of the tradeoff particle is apart from the geodesic, the change rate of the achievable tradeoff value during MIMO communications will not be constant. The following gives a further discussion for this variational situation.
C. DISCUSSIONS: VARIATIONS OF DIVERSITY-MULTIPLEXING TRADEOFF CURVES
Based on (24) , let the local coordinates of the receiver in the MIMO system be u α = u α (t, τ ) with domain [a, b]×(− , ). The parameter τ is used as an additional degree of freedom to characterize the variation, or deviation, of u α , and is a small scalar. Then the variation of the fundamental tradeoff curve C in (24) is given by
satisfying the ordinary situation that u α (t) = u α (t, 0) for α = 1, 2. The variation of the fundamental tradeoff curve, C τ , forms a family of space curves closed to C. When τ = 0, it degenerates into a special case that C 0 = C. We choose a starting point B 1 at t = a and an ending point B 2 at t = b of C τ as two fixed boundary points given by
where τ = 0 since B 1 and B 2 are fixed in this case. Therefore, C τ representing the variation of C is like a bunch of strings with common boundary points B 1 and B 2 embedded in the diversity-multiplexing tradeoff manifold as shown in Fig. 3 . In addition, if we denote the change of u α with respect to τ as
then we have v α (a) = 0 and v α (b) = 0 at B 1 and B 2 , respectively. Moreover, let L(C) denote the path length of any fundamental tradeoff curve C with boundary points B 1 and B 2 . Then the length of C will be not greater than the length of its variation, which is also illustrated in Fig. 3 , i.e.,
L(C) ≤ L(C τ ).
L(C τ ) has an extreme value for C τ if it satisfies dL(C τ )/dτ τ =0 = 0. If dL(C τ )/dτ τ =0 = 0, then the general quantity of dL(C τ )/dτ τ =0 is given by the following theorem.
Theorem 3 (The Variation Rate of L(C τ )): When the variation of the diversity-multiplexing tradeoff curve C has fixed boundary points B 1 and B 2 , the variation rate of its path length is given by
where the indices α, β, γ , δ ∈ {1, 2} follow the Einsteinian summation convention.
Proof: See Appendix D. The result of (31) describes the length of its variation between two boundary points for the fundamental tradeoff curve C. When C represents a geodesic, its local coordinates follow the geodesic equation in (28), i.e., d 2 u β /dt 2 + β γ δ (du γ /dt)(du δ /dt) = 0. In this situation, this yields dL(C τ )/dτ τ =0 = 0 in (31) and tells that if C is a geodesic connecting B 1 and B 2 , the length of its variation shall reach an extreme value at τ = 0, which is the case of the possible shortest path between B 1 and B 2 on the proposed manifold.
V. PARALLEL TRANSPORT FOR VELOCITY FIELDS OF THE TRADEOFF A. COVARIANT DERIVATIVE
Suppose that V(t) denotes a tangent vector field along the diversity-multiplexing tradeoff curve C on the proposed manifold M. The physical meaning of V(t) is a velocity field at different fundamental tradeoff points on M to depict the field of instantaneous changing status for the achievable diversity gain or the achievable outage performance in a specific wireless MIMO communication channel. Using the basis {r u α } of the tangent space T p(t) M, the velocity field for the proposed manifold is represented by
where c α (t) is the coefficient for the linear combination of the basis. Therefore, the derivative of the velocity field with respect to time t has the following form:
Using the result of (47b) and (47c) yields
One can observe that the first portion of dV(t)/dt in (33) is on the tangent space T p(t) M while the second portion is orthogonal to T p(t) M. For the first portion, we define the orthogonal projection of dV(t)/dt onto T p(t) M as DV(t)/dt ∈ T p(t) M. The quantity DV(t)/dt is exactly the covariant derivative [30] of the velocity field V(t) at the fundamental tradeoff point p(t) on the proposed manifold, which is the portion of dV(t)/dt that is tangent to the manifold. As a result, based on (33), the covariant derivative is compactly expressed as
where
denotes the covariant derivative of the coefficient c α (t) in (32) .
B. PARALLEL TRANSPORT
We further discuss the parallel transport of velocity vectors for the fundamental tradeoff points moving from the point p(t 1 ) to another point p(t 2 ) on the proposed manifold when the receiver moves from the position u α (t 1 ) to u α (t 2 ). We know that in the case of planes, vectors are allowed to operate parallel transport to maintain their magnitude and direction on a plane. However, this concept cannot be directly applied to the case of velocity vectors on the proposed manifold. If we shift a velocity vector from p(t 1 ) to p(t 2 ) on the proposed manifold, the shifted tangent vector at p(t 2 ) is, in general, not a tangent vector due to the curvature of the manifold. The parallel transport of vectors on the manifold requires the concept of the covariant derivative. The velocity field V(t) is said to be a parallel vector field along a diversity-multiplexing tradeoff curve C for a MIMO system if it satisfies
say, the first portion of dV(t)/dt in (33) is zero. According to (34) and (36) , the necessary and sufficient condition for V(t) being parallel along the tradeoff curve C is that the component c α (t) of V(t) satisfies the following equations:
Remark 2: 1) We can suppose that the fundamental tradeoff point p(t 0 ) on M has velocity V 0 = V(t 0 ) for a mobile receiver at time t 0 . When the velocity field V(t) is parallel along the tradeoff curve C, i.e., (36) holds along C, the velocity field V(t) is the parallel transport of V 0 along C. 2) (37) is a system of two first-order linear homogeneous ordinary differential equations. Solutions of the system of equations can be obtained when the values of c α (t) are specified. VOLUME 7, 2019 3) If the fundamental tradeoff point switches from p(t 0 ) to p(t) on M is a parallel transport, then the moving velocity at the fundamental tradeoff is constant and satisfies the deterministic equation in (37) . Applying the concept of the covariant derivative in (35) , the geodesic curvature of the diversity-multiplexing tradeoff curve in (26) is expressed as a final compact form:
This formula establishes a unified expression between the geodesic curvature of space curves and the scalar curvature of plane curves of the diversity-multiplexing tradeoff. For example, when the SNR at the receiver is fixed to a specific value, the space curve of the tradeoff degenerates into the situation of plane curves. In this degenerated situation, the covariant derivative operator D/dt can be replaced by the conventional derivative operator d/dt to obtain the scalar curvature of plane curves for the fundamental tradeoff. Additionally, the geodesic equation in (28) by using (35) has the following compact form:
To summarize, geodesic on the proposed manifold M is exactly the trace of paths where the velocity vectors of those tradeoff points moving along the trace are parallel to each other on the manifold. Based on the proposed dynamic information model, if the trajectory of the mobile receiver in the MIMO system obeys the differential equation of (37), the velocity vectors at the tradeoff points shall follow parallel transport. For the situation of parallel transport, it means that the diversity-multiplexing tradeoff point perceives itself moving with the same velocity on the proposed manifold and feels no acceleration imposing on it during mobile MIMO communications.
VI. APPLICATION AND ILLUSTRATIONS A. DYNAMIC INFORMATION MODEL
We demonstrate an application of the proposed dynamic information model to the case of Rayleigh fading channels. In this example, the dynamic performance of the wireless MIMO communication channel is characterized by the simultaneously achievable diversity and multiplexing gains; these two gains respectively determines the information transmission reliability and rates achievable in the MIMO channel. We show the dynamic behavior of the achievable diversity-multiplexing tradeoff when the receiver has mobility on an Euclidean plane in MIMO communications. The (N R , N T )-MIMO system with N R = 2 and N T = 2 is considered. For numerical illustrations, we use system parameters of the pico-cell type based on the Long-Term Evolution (4G LTE) wireless communication standard [34], where the path loss in dB is modeled as (1) is ξ |i−j| 2 [16] , [18] , where ξ is the coefficient to characterize the amount of spatial correlation between antennas. Fig. 4 demonstrates the proposed manifold M in (11) over the correlated Rayleigh fading channel with ξ = 0.5, where the achievable values of the diversity-multiplexing tradeoff on this manifold based on the result in [26, Thm. 1] . Due to the finite SNR condition and the effect of spatial correlation, Fig. 4 shows that the achievable full diversity gain for this wireless MIMO information transmission is not greater than N R × N T = 4, and the possible maximum multiplexing gain is min{N R , N T } = 2, which satisfies the result in [1] .
We consider a constant velocity system in which the receiver in the MIMO communication is assumed to move away from the transmitter on the (u 1 , u 2 )-plane for ten seconds. The corresponding linear trajectory of the moving receiver is shown in Fig. 5 ; the position coordinates of the receiver are represented by (3) . Suppose that the initial position vector of the receiver at time t = 0 second shown in Fig. 5 is θ 0 = (u 1 0 , u 2 0 ) T = (3.0, 3.0) T meters, and the receiver moves with constant velocity toward u 1 and u 2 directions such that the velocity vector of the receiver is v = (v 1 , v 2 ) T = (2.0, 2.5) T meters per second. When the receiver moves during the ten seconds, due to the path loss effect of the fading channel (large-scale fading), the SNR value of the receiver changes with the position. As a result, the achievable diversity-multiplexing tradeoff value for the MIMO system is influenced by the SNR value and consequently dynamically varies (on the proposed manifold) with the position of the receiver. Fig. 6 demonstrates the points of the achievable diversitymultiplexing tradeoff moving on the proposed manifold and shows the trajectory of these tradeoff points on the manifold corresponding to the movement of the receiver in Fig. 5 . In this example, suppose that the multiplexing gain for the receiver uniformly changes with the position from γ (u 1 , u 2 ) = 0.5 at t = 0 second to γ (u 1 , u 2 ) = 1.5 at t = 10 second. Fig. 7 shows a bird's eye view of Fig. 6 . Fig. 6 . It shows that the trace of the moving tradeoff points is not a straight line on the (ρ, γ )-plane. Fig. 7 reveals that although the movement of the MIMO receiver is a linear path, the trajectory of the varying fundamental tradeoff points is not a straight line on the (ρ, γ )plane due to the bending nature of the proposed manifold. Based on the mobile path of the receiver in Fig. 5 , the u 1 -component and u 2 -component of the velocity vectors for the tradeoff points on the manifold are shown in Fig. 8 and Fig. 9 , respectively. These components are r u 1 and r u 2 on the proposed manifold, as computed by (16) and illustrated in Fig. 1 for visualizing the changing trend of the fundamental tradeoff. Correspondingly, Fig. 10 depicts the normal vector characterized by (17) for each tradeoff point along the curve on the proposed manifold. Fig. 11 shows the geodesic curvature of the diversitymultiplexing tradeoff points at different time instants when the receiver moves by the manner depicted in Fig. 5 . The geodesic curvature at a tradeoff point on the proposed manifold characterizes the accelerating behavior of the achievable tradeoff which corresponds to different locations of the receiver in the MIMO communication. We observe that although the receiver moves by the manner of a constant velocity in this example, the corresponding achievable diversity-multiplexing tradeoff of the MIMO channel moves by the manner of a varying velocity. When the value of the geodesic curvature equals zero, κ g (t) = 0, the dynamic tradeoff point is on the geodesic and at that instant, the tradeoff point has no acceleration moving on the manifold such that the mechanical behavior of the dynamic tradeoff can be quantitatively predicted.
The meaningfulness of discussing the dynamic behavior instead of the static behavior of the diversity-multiplexing tradeoff from the information perspective is to explore and emphasize the dynamics between the achievable link reliability and the transmission rate over changing SNR values due to the receiver mobility in large-scale fading channels. Understanding the basic dynamic quantities of the fundamental tradeoff in wireless MIMO channels can assist researchers to seek the following two possible future applications: 1) Because receivers in mobile communications are frequently carried by human beings, the proposed dynamic information model and analyses for the dynamic tradeoff may be extended to the case of a specific receiver mobility pattern, e.g., the mobility pattern of human beings was discovered to resemble Lévy walks in real life [35] , [36] .
2) The techniques of manifold learning such as the locally linear embedding (LLE) [37] and the isometric feature mapping (Isomap) [38] are possibly applied to the proposed manifold M to extract the fundamental tradeoff properties from lower dimension in various communication channels, and to reduce the complexity for the design of dynamic space-time coding or the design of rate-adaptive mobile communications based on the diversity-multiplexing tradeoff principle.
B. LINK BUDGET CONSIDERATION
Similar to the indoor scenario settings in Section VI-A, we further incorporate link budget with an outdoor scenario in simulation for analysis, where parameters of link budget are listed in TABLE 1. Link budget analysis [39] is a useful tool to examine whether the required system performance is met or not, through inspecting the SNR actually received, ρ, and the SNR actually required, ρ r , to meet the system performance, e.g., to meet the outage performance in our analysis. Link budget computes the summation of gains and losses in radio links from the transmitter, through medium of transmission, then to the receiver. Engineers can follow this budget to design a system that satisfies radio link performance. Define the link budget margin M as the difference between ρ and ρ r TABLE 1. A link budget example of settings 5 [34], [39] . Numbers with brackets and boxes respectively denote losses and subtotals, respectively.
in decibel, i.e.,
To resist potential variances of radio link parameters, this margin depicts additional gains to insure final required system performance. The link margin equation is given by [39] :
where parameters are given in TABLE 1 and footnote. 5 In this analysis example, we set the velocity vector of the receiver v = (1.5, 1.25) T meters per second. We adopt the path loss model of an outdoor scenario as 5 denotes effective radiated power with respect to an isotropic antenna (EIRP); G r /T • is also called figure of merit of the receiver; G r is the receiver antenna gain; T • represents temperature kelvins; data rate R is in decibels referenced to 1 bps; k is the Boltzmann constant; L s is the free-space path loss; L o denotes other contributing losses and degradations; E b is bit energy;
ρ (dB) (u 1 , u 2 ) = 128.1 + 37.6log 10 (D(θ, 0)) with distance D(θ, 0) in kilometer [34] . Same as section VI-A, also suppose that the multiplexing gain for the receiver uniformly changes with the position from γ (u 1 , u 2 ) = 0.5 at t = 0 second to γ (u 1 , u 2 ) = 1.5 at t = 10 second. Similar to Fig. 11 , Fig. 12 shows a comparison of dynamic geodesic curvature at different time instants with and without considering the link budget margin. Note that in Fig. 11 only the spatial correlation (depicted by ξ ) is considered for an indoor scenario, yet in Fig. 12 both the spatial correlation and the mutual coupling (together depicted by the antenna spacing δ) are considered for an outdoor scenario. It shows that in an outdoor scenario the receiver with the link budget margin has greater DMT geodesic curvature than the case without link budget margin. In this example, the link budget margin does not alter the trend of geodesic curvature much in a lower SNR region, i.e., the region after t = 3. This analysis quantitatively shows that diversity-multiplexing tradeoff manifolds may have a steeper or more complicated landscape in a higher SNR region. Besides considering the link budget, we further investigate the factor of antenna deployment by examining various spacing deployed between antenna elements in the curvature analysis of DMT manifolds. The change of antenna spacing may cause changes in spatial correlation [40] and mutual coupling [41] - [44] effects between antennas. Classical models for characterizing these two effects are given in Appendix E. Through inspecting different antenna spacing gradually changing from δ = 0.2λ to δ = 1.0λ, Fig. 13 shows that the change of antenna spacing enlarges fluctuations of geodesic curvature in the higher SNR region, i.e., the region from t = 0 to t = 2. Consequently, the corresponding instantaneous acceleration of a diversity-multiplexing tradeoff point fluctuates more severely in this region. It is because net effects of spatial correlation and mutual coupling cause more changes on the landscape of the diversity-multiplexing tradeoff manifold. Furthermore, Fig. 14 presents the outage performance of the moving receiver with and without link budget margin. It shows that with the increase of moving time, the outage probability dynamically increases. It is because the receiver SNR dynamically decreases when the receiver moves gradually away from the base station even though the multiplexing gain correspondingly changes with time. Fig. 15 shows that the link budget margin improves the outage performance. As the gap P shows in Fig. 14 or Fig. 15 , when the system uses lower multiplexing gain, e.g., γ = 0.5, adding the link budget margin M = 10 dB in the system design can guarantee essential performance improvement.
C. MISCELLANEOUS DISCUSSION
The analyses of the proposed dynamic information model could possibly be extended to the situation of massive MIMO systems [45] , [46] and high-mobility wideband systems, e.g., MIMO-OFDM systems [47] , in future works. Considering possible high receiver mobility in massive MIMO systems, low-complexity and efficient channel estimation solutions [45] , [47] might become essential due to large number of antennas yielding very large size of channel matrices. Both works in [45] and [47] also offer analysis of computational complexity for sparse channel estimation algorithms, allowing engineers to check the complexity that can meet their design requirements.
VII. CONCLUSION
Receiver mobility is known to be an important factor influencing the transmission rate and reliability in wireless MIMO communications. Meanwhile, the achievable performance of the transmission rate and reliability is respectively determined by the multiplexing gain and the diversity gain exploited in the wireless MIMO channel. Different from existing works only focusing on static behaviors [1] , [7] - [13] , [13] - [28] , this research has introduced dynamic analyses of the achievable diversity-multiplexing (reliability-rate) tradeoff due to the variation of system key factors such as SNR and mobility of receivers in the MIMO system.
First, to analyze dynamics of the achievable tradeoff between diversity and multiplexing gains, we developed a dynamic information model by constructing a mathematical object called the diversity-multiplexing tradeoff manifold which geometrizes and generalizes the original notion of this fundamental tradeoff. Different from the existing research on static behaviors of the tradeoff, the proposed dynamic information model based on the manifold provided a more general analysis because it can map two general dynamic parameters of a MIMO system on the Euclidean plane onto the diversity-multiplexing tradeoff; hidden dynamics and the intrinsic geometric nature of the fundamental tradeoff was explored. Second, we showed that dynamic behaviors of the fundamental tradeoff can actually be described by formulating essential physical quantities such as the velocity and geodesic curvature at a tradeoff point, geodesics, and the parallel transport of velocity fields on the proposed manifold. Additionally, mechanical interpretations for the dynamics of the tradeoff were discussed. Third, to show a possible application, the proposed dynamic information model was used to demonstrate the dynamic fundamental tradeoff in the correlated Rayleigh fading channel when the receiver moves linearly with a constant velocity. Knowing the dynamic nature of this tradeoff, the proposed model and formulas may offer a useful theoretical basis for the dynamic space-time coding design with receiver mobility in MIMO communications.
APPENDIX A

Definition 4 (Regularity):
In the finite SNR situation, if we define the diversity-multiplexing tradeoff manifold M as a regular manifold for each fundamental tradeoff point p ∈ M, there exists a neighborhood U ⊂ R 3 of p = r(Q 1 ), where Q 1 ∈ D (refer to Fig. 1 ) has the local coordinate (u 1 , u 2 ), and the mapping r: D → U ∩ M of the open set D ⊂ R 2 onto the open set U ∩ M ⊂ R 3 satisfies (i) r is a C ∞ mapping [30] .
(ii) r is a homeomorphism [30] .
(iii) For each Q 1 ∈ D, the diversity-multiplexing tradeoff manifold satisfies
where Q 1 is called a regular point and p is called a regular value. Item (i) means that the vector components of r, i.e., ρ(u 1 , u 2 ), γ (u 1 , u 2 ), and d(u 1 , u 2 ) in (13) are smooth functions on D. Item (ii) indicates that r has a continuous inverse mapping r −1 : U ∩ M → D. For item (iii), (40) implies that the tangent vectors r u 1 and r u 2 are linearly independent at the regular value p and also ensures the existence of a tangent plane on the proposed manifold.
Proposition 1: The regular diversity-multiplexing tradeoff manifold of MIMO systems is a two-dimensional topological manifold from the differential geometry point of view.
Proof: According to the theory of point-set topology, the real space R n is Euclidean, Hausedorff, and second countable. Thus, the subset M ⊂ R 3 given in (11) is also Hausedorff and second countable. Because each point p ∈ M has a neighborhood U such that there is a homeomorphism r −1 from U onto D which is an open subset of R n with n = 2 (i.e., D ⊂ R 2 ), consequently, M is locally Euclidean of dimension n = 2. As a result, M is a two-dimensional (n = 2) topological manifold.
APPENDIX B
First, when a tradeoff point moves along a certain path on the diversity-multiplexing manifold, the total distance of its trajectory is the arc length given by
where |dr| is given by (22) . If the movement of the tradeoff point is within the time interval [t 0 , t], it yields
Second, the area of a segment A on the surface of the proposed manifold is determined by
where D is the domain of the manifold as shown in Fig. 1 . VOLUME 7, 2019 Theorem 4: Suppose that the receiver moves from the initial position (u 1 (t 0 ), u 2 (t 0 )) at time t 0 to the position (u 1 (t), u 2 (t)) at time t during MIMO communications, where its locus is covered by a rectangular area with u α ∈ [u α (t 0 ), u α (t)] for α = 1, 2. The corresponding area that covers the locus of the fundamental tradeoff point on the proposed manifold is given by
where v 1 (t ) and v 2 (t ) are shown in (4) . Proof: For the diversity-multiplexing tradeoff manifold, we choose a small subset of the domain of the mapping r, i.e., the domain D 0 ⊂ D is the small region with u 1 ∈ [u 1 0 , u 1 0 + u 1 ] and u 2 ∈ [u 2 0 , u 2 0 + u 2 ]. Therefore, the area of the parallelogram formed by the scaled tangent vectors ( u 1 )r u 1 and ( u 2 )r u 2 at (u 1 0 , u 2 0 ) on the proposed manifold is A = ( u 1 )r u 1 ⊗ ( u 2 )r u 2 = det(G) u 1 u 2 . (44) In (44), we compute |r u 1 ⊗ r u 2 | = |r u 1 ||r u 2 |sin (r u 1 , r u 2 ) = g 11 g 22 − (g 12 ) 2 = √ det(G) because cos (r u 1 , r u 2 ) = g 12 / √ g 11 g 22 based on the inner product in (19) . As u 1 → du 1 and u 2 → du 2 , we have an infinitesimal area on the diversity-multiplexing tradeoff manifold dA = det(G)du 1 du 2 .
Using (45), (42) , and the operation of the chain rule completes the proof.
APPENDIX C
Proof: The Einsteinian summation convention [30] is used in the following derivations with dummy indices α, β, γ , ξ ∈ {1, 2}. By (24), we let e 1 = dr(t)/dt, e 2 = n ⊗ (dr(t)/dt), and e 3 = n. Then e 1 , e 2 , and e 3 are mutually orthogonal vectors, e i · e j = 0 for i = j. It follows that
e 2 = n ⊗ e 1 , (46b) e 3 = n.
(46c)
Using (4) and (5), we finally obtain
.
